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Let Sk({2u), 1k<n2, be the k th Hessian operator. We study the problem
{Sk({
2u)=(&u)#(k)+*(&u)k, u<0,
u=0,
in 0,
on 0,
where #(k) is the critical exponent for Sk and 0 is a ball. Results generalizing those
obtained by BrezisNirenberg for the special case k=1 are established. A discussion
on the asymptotic behavior of solutions of the problem (as *  0) is also included.
 1996 Academic Press, Inc.
Introduction
The critical exponent and critical dimension of the Laplace operator
were studied in the celebrated paper of Brezis and Nirenberg [2],
{2u+u
(n+2)(n&2)+*u=0, u>0,
u=0,
in 0,
on 0,
(1)
where 0R (n3) is a smooth, bounded domain. They proved that there
exists positive solution of (1) if and only if * # (0, *1) for n4; * # (*1 4, *1)
for n=3 (critical dimension), where *1 is the first Dirichlet eigenvalue
of the Laplace operator. The same problem for other elliptic operators
has been discussed by many authors, including Guedda and Veron [10]
and Egnell [6] ( p-Laplace operator), Edmunds et al. [8] (biharmonic
operator), Pucci and Serrin [12] (polyharmonic operator), and Chou and
Geng [5] (weighted Laplace operator).
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In this paper, we study the critical exponent and critical dimension of the
kth Hessian operator (k<n2) on the ball. Consider the problem
Sk({2u)=(&u)#(k)+*(&u)k, in 0,
{u<0, in 0, (2)u=0, on 0,
where 0 is a smooth bounded domain in Rn (n3), and Sk is the k th
Hessian operator of {2u. Recall that if *1 , ..., *n are the eigenvalues of ({2u)
at x, then
Sk({2u)= :
1i1< } } } <ikn
*i1 } } } *ik .
Notice that k=1 and k=n correspond to the Laplace and MongeAmpe re
operators, respectively. Exponent #(k) is given by [4],
#(k)={
(n+2) k
n&2k
, 1k<n2,
, n2kn.
Notice that when k=1, the Hessian operator is the Laplacian and #(1)=
(n+2)(n&2) is the critical Sobolev exponent. In general, #(k) can be
understood as the ‘‘critical exponent’’ for Sk({2u) in view of the embedding
inequality
|
0
|u| pC |
0
(&u) Sk({2u), 0 a ball,
which holds if and only if p#(k). It is further witnessed by the fact that
the problem ( p>k, 0 is a ball)
{Sk({
2u)=(&u) p, u<0,
u=0,
in 0,
on 0,
(3)
is solvable if and only if p<#(k). See Tso [14] for details. A recent, related
result can be found in Wang [15].
Throughout the paper we only consider the case 1k<n2 (so n3).
We first determine the critical dimension of (2).
Theorem 1. Let 0=B1(0) and
*1=inf {C
k
n
n |
1
0
rn&k |y$| k+1 : y # C1[0, 1], y(1)=0, |
1
0
rn&1 |y|k+1=1= .
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(i) If n2k(k+1), there exists a radial solution of (2) for * # (0, *1).
(ii) If 2k<n<2k(k+1), there exists a radial solution of (2) for all
* # (**, *1), for some positive **<*1&C kn n
(2k&n)nS, where S is the best
constant of Sobolev’s defined in the next section.
Theorem 2. (i) Let 0 be an admissible domain which is strictly star-
shaped with respect to the origin. There is no solution of (2) for *0.
(ii) Let 0=B1(0). There is no solution of (2) for **1 .
(iii) Let 0=B1(0). If 2k<n<2k(k+1), then there exists **>0,such that there is no solution of (2) for 0<**
*
, where
*
*
=(2k(k+1)&n)
C kn
n \
n
k+1+
k
.
So the critical dimensions of (2) are the positive integers in
(2k, 2k(k+1)). When k=1, the critical dimension is 3. This was first
proved in [2].
Next we study the asymptotic behavior of radial solutions of (2) as *
tends to zero when n2k(k+1). Let y*(r)=u(x), |x|=r, be a radial solu-
tion of (2) in 0=B1(0). After writing the equation in (2) as an ordinary
differential equation, one can see that y$*>0 in (0, 1] and y* attains its
mimimum at y*(0). The asymptotic behavior of y* as *  0+ is described
in the following theorems.
Theorem 3. For any positive $1,
(&y*(0))1k y*(r)  &\ kn&2k+
1&n2k
(C kn)
(n&2k)(2k2) [r2&nk&1]
in C1[$, 1] as * goes to 0.
Theorem 4. (i) If n>2k(k+1), then
*[&y*(0)]&((k+1)k)((n&2k(k+1))(n&2k))

2
n
(C kn)
1&n2k \ kn&2k+
n2 1 \k+12k (n&2k)+
1 \n2+ 1 \
n&2k(k+1)
2k +
as *  0+.
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(ii) If n=2k(k+1), then
* log[&y*(0)] 
n&2k
n(k+1)
2
n
(C kn)
1&n2k \ kn&2k+
n2
as *  0+.
When k=1, Theorem 3 and Theorem 4 were proved in Atkinson and
Peletier [1] and Brezis and Peletier [3]. Similar results on general
domains can be found in Han [11] and Rey [13].
The plan of the present paper is as follows. In Section 1, we determine
the best constant and minimizers in Sobolov inequality for Sk . Next, exist-
ence and nonexistence results will be proved in Section 2 and Section 3
respectively. Finally, in Section 4, we discuss the blow up of the solutions
when * tends to 0 in the case n2k(k+1).
1. Preliminary Results
A radially symmetric classical solution of (2), u(x), solves the following
equation when 0=B1(0),
C kn
n
(rn&k( y$)k)$=rn&1[(&y)#(k)+*(&y)k], y<0 in (0, 1) (1.1)
and y(1)=0, where y(r)=u(x), |x|=r. Denote the completion of the set
E=[ y # C 1[0, 1] : y(1)=0] under the norm
&y&W k+1=&y$&k+1, n&k=\|
1
0
rn&k |y$|k+1 dr+
1(k+1)
by W k+1. Similarly, Wk+1 is the completion of all smooth functions with
compact support in [0, +) under the norm
&y&Wk+1=\|

0
rn&k |y$| k+1 dr+
1(k+1)
.
Basic embedding results for W k+1 and Wk+1 can be found in [14]. We
give some proofs here for the sake of completion.
Proposition 1.1. There exists a constant C such that
|

0
rn&1 |y| #(k)+1 drC _|

0
rn&k |y$|k+1 dr&
(#(k)+1)(k+1)
, (1.2)
for all y # Wk+1.
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Proof. Let ; # (k(k+1), (n&k)(k+1)), then for y # Wk+1, by Ho lder
inequality we have
|

0
rn&1 |y| #(k)+1 dr
|

0
rn&1 \|

r
|y$(t)| dt+
#(k)+1
dr
|

0
rn&1 _|

r
t ;(k+1) |y$(t)|k+1 dt&
(#(k)+1)(k+1)
__|

r
t&;((k+1)k) dt&
k(#(k)+1)(k+1)
dr
=\ k;(k+1)&k+
k(#(k)+1)(k+1)
|

0
r(n&1+(1&;((k+1)k)))(k(#(k)+1)(k+1))
__|

0
|y$(t)|k+1 t ;(k+1)/[rt<](t, r) dt&
(#(k)+1)(k+1)
dr.
By using Minkowski inequality, we have
|

0
rn&1 |y| #(k)+1 dr
\ k;(k+1)&k+
k(#(k)+1)(k+1)
{|

0
|y$(t)|k+1 t ;(k+1)
__|

0
r(n&1+(1&;((k+1)k)))(k(#(k)+1)(k+1))
_/ (#(k)+1)(k+1)[rt<] (t, r) dr&
(k+1)(#(k)+1)
dt=
(#(k)+1)(k+1)
,
that is, (1.2) holds with
C=
k(k+1)
nk(k+1)+(k&;(k+1))(#(k)+1) \
k
;(k+1)&k+
k(#(k)+1)(k+1)
. K
Furthermore, we have [14]:
Proposition 1.2. Wk+1 is continuously embedded in L p+1([0, 1],
rn&1 dr) for all 0 p#(k), and the embedding is compact for p<#(k).
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Proof. It suffices to prove that Wk+1//L p+1([0, 1], rn&1 dr) if
p<#. Let EWk+1 be a set bounded by a positive constant K. For x # E,
we have (define x(t)=0, if t # [0, 1])
|x(r+t)&x(r)||
r+t
r
|x$({)| d{
\ kn&2k+
k(k+1)
K[r(2k&n)k&(r+t)(2k&n)k]k(k+1),
(t>0). So
|
1
0
rn&1 |x(r+t)&x(r)| 1+p dr\ kn&2k+
k(k+1)
K |
1
0
Ht(r) dr
where
Ht(r)=rn&1[r(2k&n)k&(r+t)(2k&n)k]k(1+p)(k+1).
Since p<#(k), with the aid of Lebesgue dominated convergence theorem
we can easily deduce that
|
1
0
Ht(r) dr  0 as t  0+,
that is,
|
1
0
rn&1 |x(r+t)&x(r)| 1+p dr  0 as t  0+
uniformly in x # E, which just shows that the set E is relatively compact in
Lp+1([0, 1]; rn&1 dr). K
Here is an example showing that the embedding Wk+1/
L#(k)+1([0, 1]; rn&1 dr) is not compact. Take a function , # C[0, 1]
satisfying: 0,1, supp ,[0, 12], ,#1 in [0, 14]; and &,&k+1=
B>0. We define
,i (r)=2i((n&2k)(k+1)),(2ir), i=1, 2, ... . (1.3)
Then &,i&k+1=B, but
&,i+m&,i&#(k)+1#(k)+1, n&1
2&n
n
|1&2&mn(#(k)+1)|.
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In other words, the set [,i ] is not relatively compact in L#(k)+1([0,1];
rn&1 dr).
Denote
S=inf { &y&
k+1
W k+1
&y&k+1#(k)+1, n&1
: y # Wk+1 "[0]= .
Since the ratio &y&k+1W k+1 &y&
k+1
#(k)+1, n&1 is invariant under the scaling trans-
formation we have
S=inf { |

0
rn&k |y$| k+1 dr
_|

0
rn&1 |y| #(k)+1 dr&
(k+1)(#(k)+1) : y # W
k+1"[0]= . (1.4)
It is not hard to prove that there exists y0 # Wk+1 , y00, such that
|

0
rn&1 |y0| #(k)+1 dr=1 and |

0
rn&k |y$0| k+1 dr=S. (1.5)
Then y0 solves
{ (r
n&ky$k)$=Srn&1(&y)#(k), y0,
y(0)=C1 , y$(0)=0.
(1.6)
Proposition 1.3. The best contant and extremal functions in the mini-
mization problem (1.4) are given respectively by
S=n \n&2kk +
k _
1 \n2+ 1 \
n
2k+
21 \(k+1) n2k +&
2kn
;
y0(r)=
&C
(*+r2)(n&2k)2k
,
where *>0 and
C=_S \ kn&2k+
k
&
(n&2k)(k+1) n
*(n&2k)2k(k+1).
Proof. One can verify directly that y0 solves (1.5) and (1.6). To com-
plete the proof we observe that by a standard argument (1.6) has at most
one solution. K
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2. Existence Results
In this section we prove Theorem 1. We shall follow the approach in [6]
to look at the minimization problem,
*A=inf[J(u): u # Wk+1 "[0]], (2.1)
where
J(u)=J(u, #(k), A)
=
C kn
n |
1
0
rn&k |u$|k+1 dr&A _|
1
0
rn&1 |u| #(k)+1 dr&
(k+1)(#(k)+1)
|
1
0
rn&1 |u|k+1 dr
. (2.2)
Any minimizer satisfies the EulerLagrange equation
&
C kn
n
(rn&k |u$| k&1 u$)$&A \ k+1#(k)+1 &u&#(k)&k#(k)+1, n&1+ rn&1 |u| #(k)&1 u
=*Arn&1 |u| k&1 u (2.3)
in the weak sense. Thus if u is normalized so that (#(k)+1) &u&#(k)&k#(k)+1, n&1
=(k+1) A, then u solves (1.1) with *=*A . Regularity of the weak solu-
tion of (1.1) is given by
Lemma 2.1. Any non-positive weak solution of (2.3) in Wk+1 is actually
negative and in C2[0, 1]. Consequently u(x)=y( |x| ) solves (2) in classical
sense in B1(0).
Proof. Let y be a weak solution of (2.3). Then y satisfies
C kn
n |
1
0
rn&k |y$| k&1 y$.$ dr=|
1
0
rn&1(A |y| #(k)&1+* |y|k&1) y. dr (2.4)
for all . # Wk+1.
For a fixed r in (0, 1), we choose . so that it is equal to 1 on (0, r],
linear between r and r+$, and equal to zero on [r+$, 1). Taking . as a
test function in (2.4) and then letting $ go to zero yields
&
C kn
n
rn&k |y$| k&1 y$=|
r
0
t n&1(A |y| #(k)+* |y|k) dt.
From this the conclusion of the lemma can be drawn easily if y is bounded.
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In what follows we show that y is bounded. For q1, define
g(t)={t
q
linear
t # [0, N )
tN
G(u)=|
u
0
|g$(t)|k+1 dt. (2.5)
Then we have
uk+1G$(u)qk+1g(u)k+1, G(u)uG$(u). (2.6)
Let .=’k+1G(&y) be a test function in (2.4), where ’ is a non-negative
smooth function. Then
&|
1
0
rn&k |y$| k&1 y$.$|
1
0
rn&k’k+1 } ddt g(&y) }
k+1
&(k+1) |
1
0
rn&k |y$|k G(&y) ’k |’$|.
By (2.4) and (2.6) we have
|
1
0
rn&k } ’ ddt g(&y) }
k+1
Cqk+1 _|
1
0
rn&k | g(&y) ’$| k+1
+|
1
0
rn&1((&y)#(k)&k+1)(’g(&y))k+1& . (2.7)
By Proposition 1.2 and (2.7) we also have
\|
1
0
rn&1 |’g(&y)| #(k)+1+
(k+1)(#(k)+1)
C |
1
0
rn&k } ddt (’g(&y)) }
k+1
Cqk+1 _|
1
0
rn&k |g(&y)|k+1 ( |’$| k+1+’k+1)
+|
1
0
rn&1(’g(&y))k+1 (&y)#(k)&k& . (2.8)
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Notice that
|
1
0
rn&k(’g(&y))k+1(&y)#(k)&k
_|(’{0) rn&1(&y)#(k)+1&
(#(k)&k)(#(k)+1)
__|
1
0
rn&1(’g(&y))#(k)+1&
(k+1)(#(k)+1)
.
For each t # [0, 1], there exists $=$(t)>0, such that
Cqk+1 _|
t+$
t&$
rn&1(&y)#(k)+1&
(#(k)&k)(#(k)+1)

1
2
.
Now take ’ # C 0 [t&$, t+$], such that
0’1, ’#1 in [t&$2, t+$2], |’$|2$.
Then by letting N   from (2.8) we have
\|
t+$2
t&$2
rn&1(&y)q(#(k)+1)+
(k+1)(#(k)+1)

Cqk+1
$k+1 |
t+$
t&$
rn&1(&y)q(k+1)

Cqk+1
$k+1 \|
t+$
t&$
rn&1(&y)q(k+1) s+
1s
_\|
t+$
t&$
r(n&k&(n&1)s)(s(s&1))+
(s&1)s
. (2.9)
Letting
s # \ nn&k+1,
#(k)+1
k+1 + ,
then (n&k&(n&1)s) s(s&1)>&1, and with a simple covering argu-
ment (2.9) becomes
\|
1
0
rn&1(&y)q(#(k)+1)+
(k+1)(#(k)+1)
Cqk+1 \|
1
0
rn&1(&y)q(k+1) s+
1s
. (2.10)
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Let q0=(#(k)+1)(k+1) s, then by the choice of s, we know q0>1, and
y # L#(k)+1([0, 1], rn&1 dr) implies y # Lq0(#(k)+1)([0, 1], rn&1 dr). From
(2.10) we also have
&y&q(#(k)+1), n&1(Cq)1q &y&s(k+1) q, n&1.
An iteration yields
&y&LC. K (2.11)
To deal with the minimization problem (2.1), we introduce the mini-
mization problem with non-critical exponent p, k<p<#(k):
+p=+( p, A)=inf[Jp(u): u # Wk+1"[0]], (2.12)
where
Jp(u)=J(u; p, A)
=
Ckn
n |
1
0
rn&k |u$| k+1 dr&A _|
1
0
rn&1 |u| p+1 dr&
(k+1)( p+1)
|
1
0
rn&1 |u| k+1 dr
. (2.13)
With a simple argument, we see that for any y # Wk+1"[0], and p1p2 ,
Jp2( y)Jp1( y)J#(k)( y)=J( y),
that is, +p is decreasing in p. Moreover it is not hard to prove that p [ +p
is upper semicontinuous. Hence
+p  *A as p  #(k)&. (2.14)
By Proposition 1.2 we know that +p is obtained by some yp # Wk+1 with
yp0 and
p+1
k+1
&yp& p&kp+1, n&1=A. (2.15)
It is clear that [ yp] is bounded in Wk+1, so there exists a subsequence
(still denoted by yp) such that
yp ( y weakly in Wk+1
yp ( y weakly in L#(k)+1([0, 1], rn&1 dr)
(2.16)
yp  y strongly in Lt+1([0, 1], rn&1 dr)
yp  y a.e.,
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where y # Wk+1 and t<#(k). Since
*AJ( yp ; #(k), A)J( yp ; p, A)=+p , (2.17)
by (2.14) we see J( yp ; #(k), A)=J( yp)  *A as p  #(k)&, that is, [ yp] is
also a minimizing sequence of (2.2).
Proposition 2.1. If *A+$>& for some $>0, then *A is attained by
some yA # Wk+1.
Proof. By the above argument we know that [ yp] (pass to subsequence
if necessary) is also a minimizing sequence of *A . Let yA=y, where y is in
(2.16). What we have to prove is that
yp  y strongly in L#(k)+1([0, 1], rn&1 dr). (2.18)
To this end, notice by (2.15) that yp satisfies
C kn
n |
1
0
rn&k( y$p)k .$ dr=|
1
0
rn&1((&yp) p&1+*A(&yp)k&1) y. dr (2.19)
for all . # Wk+1.
Let .=G(&yp) be a test function, where G is defined by (2.5). We have
C kn
n |
1
0
rn&1 } ddr g(&yp) }
k+1
=|
1
0
rn&1((&yp) p+*A( yp)k&1) G(&yp)
qk+1(A &g(&yp)&k+1p+1, n&1++( p, A) &g(&yp)&k+1k+1, n&1). (2.20)
On the other hand, since *A+$>&, we also have
|
1
0
rn&k } ddr g(&yp) }
k+1
&(A+$) _|
1
0
rn&1 |g(&yp)| p+1&
(k+1)( p+1)
+( p, A+$) |
1
0
rn&1 |g(&yp)|k+1.
Combining this inequality with (2.20), we have
(A+$&Aqk+1) &g(&yp)&k+1p+1, n&1
(+( p, A) qk+1&+( p, A+$)) &g(&yp) &k+1k+1, n&1. (2.21)
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Taking q # (1, (#(k)+1)(k+1)] such that
$+A&Aqk+1=$+(1&qk+1) A 12 $>0,
(2.21) becomes
&g(&yp)&k+1p+1, n&1
2
$
[*A+1] \#(k)+1k+1 +
k+1
&g(&yp)&k+1p+1, n&1
for p closes to #(k). Letting N  , we have
&yp& (k+1) q( p+1) q, n&1C &yp&
(k+1) q
( p+1) q, n&1C$;
in particular,
&yp& (k+1) q(#(k)+1)(q+1)2, n&1C$, (2.22)
where C and C $ are constants independent of p.
By the interpolation inequality, for any =>0, we have
&yp&y&#(k)+1, n&1= &yp&y&(#(k)+1)((q+1)2), n&1+C= &yp&y&t, n&1 ,
where t can be chosen such that
t<#(k)+1.
By (2.16) and (2.22) we obtain (2.18). K
If we define
A*=sup[A: *A>&],
and
**=*A*.
Then we have 0<A*< and **<*1 . By Proposition 2.1 we have
Proposition 2.2. There exists a minimizer of (2.1) for each * satisfying
**<*<*1 .
Proof of Theorem 1. By Proposition 2.2, there exists a minimizer of
(2.1) if **<*<*1 . By Lemma 2.1, the minimizer y is negative and solves
(1.1) in classical sense after being normalized as in (2.15). So what we have
to do is to calculate A* and determine ** for n2k(k+1) or estimate **
for 2k<n<2k(k+1).
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Proposition 2.3. We have
(i) A*=(C kn n) S, for all n>2k.
(ii) If n2k(k+1), then **=0.
(iii) If n<2k(k+1), then **<*1&n (2k&n)nC kn S.
Proof. First of all, from (1.2) and (1.4) we have
A*
C kn
n
S. (2.23)
In the following we prove the reverse inequality.
Let
w=w=(r)=.(r) u=(r), (2.24)
where
u=(r)=(=+r2)(2k&n)2k
and . is a smooth function. We will estimate the ratio J(w)=J(w= ; #(k), A)
defined in (2.2) as =  0+. We consider two cases separately.
The Case n2k(k+1). Let . # C2[0, 1], .(1)=.$(0)=0, .#1 in
some neighbourhood of 0, and .$0.
&w=&#(k)+1#(k)+1, n&1=|
1
0
rn&1.(r)#(k)+1
(=+r2)((n&2k)2k)(#(k)+1)
dr
=|

0
rn&1
(=+r2)((n&2k)2k)(#(k)+1)
dr+O(1)
=
1
2
=&n2k
1 \n2+ 1 \
n
2k+
1 \(k+1) n2k +
+O(1);
&w$=&k+1k+1, n&1= :
k+1
j=0
C jk+1 \n&2kk +
k+1&j
|
1
0
rn+1&j.k+1&j(&.$) j
(=+r2)n(k+1)2k&j
dr
=
1
2 \
n&2k
k +
k+1
=(2k&n)2k |

0
tn dt2
(1+t2)n((k+1)2k)
+O(1)
=
n
2 \
n&2k
k +
k+1
=(2k&n)2k
1 \n2+ 1 \
n
2k+
1 \(k+1) n2k +
+O(1).
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If 2k(k+1)<n, then
&w=&k+1k+1, n&1=|

0
rn&1 dr
(=+r2)(k+1)(n&2k)2k
+O(1)
==(2k(k+1)&n)2k
1 \n2+ 1 \
n&2k(k+1)
2k +
1 \(k+1)(n&2k)2k +
+O(1);
if 2k(k+1)=n, then
&w=&k+1k+1, n&1=
1
2 |
1
0
rn&2dr2
(=+r2)(k+1)((n&2k)2k)
+O(1)
=
1
2 |
- 1
0 \
t
=+t+
k(k+1) dt
t
+O(1)
=
1
2
|log =|+O(1).
Thus when 2k(k+1)<n, we have
J(w=)=
K=&k+O(=(n&2k(k+1))2k)
C+O(=(n&2k(k+1))2k)
, (2.25)
where C>0 and
K=
C kn
2 \
n&2k
k +
k 1 \n2+ 1 \
n
2k+
1 \(k+1) n2k +
&A \
1 \n2+ 1 \
n
2k+
1 \(k+1) n2k + +
(n&2k)n
.
If A>C kn Sn, J(w=)  & as =  0
+, and so
A*
C kn
n
S.
When 2k(k+1)=n, (2.25) becomes
J(w=)=
[C kn S&nA] C=
(2k&n)2k+O(1)
1
2 |log =|+O(1)
, (2.26)
and similarly we conclude A*(C kn n) S as before.
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The Case 2k<n<2k(k+1). We need a more refined function . than
that in the first case. Put
.=1&r;, (2.27)
where positive ; is to be determined later in (2.24). We have
&w=&k+1k+1, n&1=|
1
0
r(k+2k 2&n)k.k+1+o(1)
=
1
; |
1
0
t((2k+2k 2&n)k;)&1(1&t)k+1 dt+o(1)
=
1
;
1 \2k(k+1)&nk; + 1(k+2)
1 \k+2+2k(k+1)&nk; +
+o(1). (2.28)
&w=&#(k)+1#(k)+1, n&1=|
1
0
rn&1
(=+r2)(k+1) n2k
+|
1
0
[.#(k)+1&1]
(=+r2)(k+1) n2k
=J1+J2(#(k)+1),
where
J1=|

0
rn&1
(=+r2)(k+1) n2k
dr&|

1
r&1&nk dr+o(1)
==&n2k
1 \n2+ 1 \
n
2k+
21 \k+12k n+
&
k
n
+o(1).
If ;>nk, J2(#(k)+1) tends to a convergent integral as =  0, that is,
J2(#(k)+1)=|
1
0
r&1&nk[(1&r ;)#(k)+1&1] dr+o(1).
If ;=nk, we have
J2(#(k)+1)=|
1
0
[&(#(k)+1) rnk+O(1) r2nk] rn&1
(=+r2)(k+1) n2k
dr
=&
#(k)+1
2
|log =|+O(1).
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If ;<nk
J2(#(k)+1)=
&(#(k)+1)
2 |
1
0
t(;+n)2&1 dt
(=+t2)(k+1) n2k
+O(1) |
1
0
t ;+n2&1 dt
(=+t2)(k+1) n2k
=&
#(k)+1
2
=;2&n2k
1 \n+;2 + 1 \
n&k;
2k +
1 \k+12k n+
+O(1) I$,
where
O(1) if ;>n2k
I$={O( |log =| ) if ;=n2kO(= ;&n2k) if ;<n2k.
Thus
&w=&k+1#(k)+1, n&1=(J1+J2(#(k)+1))
(n&2k)n
=\
1 \n2+ 1 \
n
2k+
21 \k+12k n+ +
(n&2k)n
=1&n2k
+
n&2k
n
= \
1 \n2+ 1 \
n
2k+
21 \k+12k n+ +
(&2k)n
J2(#(k)+1)
+O(=;&(n&2k)2k).
Next, we have
&w$=&k+1k+1, n&k= :
k+1
j=0
C jk+1 \n&2kk +
k+1&j
|
1
0
(&.$) j .k+1&jrn+1&j
(=+r2)(k+2) n2k&j
=I0+I1+ } } } +Ik+1.
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Using integration by parts, we have
I0+I1==n \n&2kk +
k
|
1
0
.k+1rn&1
(=+r2)(k+1) n2k
where
|
1
0
.k+1rn&1
(=+r2)(k+1) n2k
=J1+J2(k+1),
and
J2(k+1)=
&
k+1
2
=(;k&n)2k
1 \n+;2 + 1 \
n&k;
2k +
1 \n&k;2k n+
+O(1) I$ if ;<nk
&
k+1
2
|log =|+O(1) if ;=nk
|
1
0
[(1&r;)k+1&1] r&1&nk dr+o(1) if ;>nk.
If we let ;>n2k&1, then each Ij is convergent as =  0 for j2, and
Ij=C jk+1 \n&2kk +
k+1&j
; j |
1
0
r ;j+1&nk(1&r;)k+1&j dr+o(1)
=C jk+1 \n&2kk +
k+1&j
; j&1
_
1 \ j+2k&nk; + 1(k+2&j)
1 \k+2+2k&nk; +
+o(1). (2.29)
Now
&w$=&k+1k+1, n&k&A &w=&
k+1
#(k)+1, n&1
=_C kn \n&2kk +k
1 \n2+ 1 \
n
2k+
21 \k+12k n+
&A \
1 \n2+ 1 \
n
2k+
21 \k+12k n+ +
1&2kn
& =1&n2k
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+_C kn \n&2kk +k J2(k+1)
&A
n&2k
n \
1 \n2+ 1 \
n
2k+
21 \k+12k n+ +
&2kn
J2(#(k)+1)& =
+
C kn
n
[I2+ } } } +Ik+1]+O(=;&(n&2k)2k). (2.30)
Denote the second term on the right hand side by I . From the computation
of J2(k+1) and J2(#(k)+1) we have
I ={
O(=) I$
O(=)
O(=|log =| )
O(=1+(;k&n)2k)
if ;<nk and A=C kn Sn
if ;nk and A=C kn Sn
if ;nk and A{C kn Sn
if ;<nk and A{C kn Sn.
Observing that &w=&k+1k+1, n&1=C+o(1) (C>0, see (2.28)), we conclude if
A>C kn Sn
J(w= , #(k), A)  &
as =  0, which implies that A*C kn Sn.
We have proved (i) in both cases. Now in general we have **0. If
2k(k+1)n by (2.25) and (2.26) we have **0. Thus **=0.
If 2k(k+1)>n, let w=y1 , the eigenfunction corresponding to the first
eigenvalue of the k th Hessian operator with the properties y1>0, y$1<0.
Then by Ho lder inequality
**J( y1 , #(k), A*)
=
C kn
n
&y$1&
k+1
k+1, n&k&
C kn
n
S &y1&k+1#(k)+1, n&1
&y1&k+1k+1, n&k
*1&C kn Sn
(2k&n)n.
So (iii) follows. K
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(i) Taking ;=nk&2 in (2.27), from (2.28), (2.29) and (2.30) we
obtain an alternate estimate of **:
**<
C kn
n
k \n&2kk +
k+1 1 \k+1+ 2k
2
n&2k+
1 \ 2k
2
n&2k
&1+ 1(k+2)
.
We don’t know whether it is stronger than the above estimate of ** or not.
(ii) In the case of n<2k(k+1), we have the following sharp
inequality:
&y$&k+1k+1, n&kS &y&
k+1
#(k)+1, n&1+
n**
C kn
&y&k+1k+1, n&1
for all y # Wk+1. Similar inequalities for other Sobolev spaces and more
general domains can be found in [2, 5].
3. Non-existence Results
In this section we study non-existence of solution for (2). First we estab-
lish a non-existence result for general domain and *0; next we get a
similar result on the ball for **1 . At last we discuss critical dimensions
by an identity of Pohozaev’s type.
Proposition 3.1. Let 0 be a strictly star-shaped C 2-domain with respect
to the origin. Then (2) has no negative solution for *0.
Proof. Set
f (x, y)=(&y)#(k)+*(&y)k for y # (&, 0]
and
F(x, y)=|
y
0
f (x, {) d{=&
(&y)#(k)+1
#(k)+1
&
*(&y)k+1
k+1
.
Then by *0 we have
nF(x, y)&
n&2k
k+1
yf (x, y)+xi fi (x, y)=&
2k
k+1
*(&y)k+10.
Thus the conclusion of the proposition follows from Proposition 1 in
[14]. K
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Now we turn to non-existence of solution for the special domain
0=B1(0). Since any negative solution is radial in this case [9], it suffices
to consider (1.1).
Proposition 3.2. If (1.1) admits a solution for *, then *<*1 .
Proof. Suppose that y* is a solution of (1.1) corresponding to *,
namely,
{
C kn
n
(rn&k( y$*)k)$=rn&1[(&y*)#(k)+*(&y*)k], y<0, in (0, 1),
(3.1)
y$(0)=y(1)=0.
Denote
D=[w # Wk+1 : w$0, w0].
It is clear that D is a closed convex cone in Wk+1. For 1 jk&1, we
consider the following minimization problem:
+j=+j (*)=inf {
C kn
n |
1
0
rn&k( y$*)k&j ($) j+1
|
1
0
rn&1(&y*)k&j (&) j+1
:  # D"[0]= . (3.2)
As the functional:  [ 10 r
n&k( y$*)k&j ($) j+1 is weakly lower semicon-
tinuous, it is not hard to show that the minimization problem (3.2) is
attained by j # D with 10 r
n&1( y*)k&j () j+1=1. Now j solves
C kn
n
(rn&k( y$*)k&j ($j) j)$=+j rn&1(&y*)k&j (&j) j. (3.3)
Multiply (3.3) by (&y*) and integrate over [0, 1]. We have
+j=
C kn
n |
1
0
rn&k( y$*)k&j+1 ($j) j
|
1
0
rn&1(&y*)k&j+1 (&j) j
. (3.4)
By the definition of +j&1 , we see +j+j&1. So
+k&1+k&2 } } } +2+1 . (3.5)
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On the other hand, by the definition of *1 , we know that there exists , # D
such that
Ckn
n
(rn&k(,$)k)$=*1rn&1(&,)k. (3.6)
Multiplying (3.6) with (&y*) and integrating over [0, 1], we have
*1=
C kn
n |
1
0
rn&k(,$)k y$*
|
1
0
rn&1(&,)k (&y*)
+k&1. (3.7)
We are going to show that *<+1 below. Thus together with (3.5) and (3.7)
we conclude *<*1 . Let’s multiply (3.1) by (&1) and then integrate over
[0, 1]. We get
C kn
n |
1
0
rn&k( y$*)k $1=|
1
0
rn&1(&y*)#(k) (&1)
+* |
1
0
rn&1(&y*)k (&1). (3.8)
Similarly, by multiplying (3.3) (for j=1) by (&y*) and then integrating
over [0, 1], we have
C kn
n |
1
0
rn&k( y$*)k $1=+1 |
1
0
rn&1(&y*)k (&1). (3.9)
From (3.8) and (3.9) we deduce that
|
1
0
rn&1(&y*)#(k) (&1)=(+1&*) |
1
0
rn&1(&y*)k (&1),
that is,
*<+1 . K (3.10)
Before turning to the case 2k<n<2k(k+1), we derive an identity of
Pohozaev’s type. Multiply (1.1) by &_y, where _ # C1[0, 1], and then
integrate over [0, 1]. We have
|
1
0
rn&k( y$*)k+1 _+|
1
0
rn&ky( y$)k _$
=
n
C kn |
1
0
rn&1_[(&y)#(k)+1+*(&y)k+1]. (3.11)
100 CHOU, GENG, AND YAN
File: 505J 311723 . By:MB . Date:12:08:96 . Time:17:45 LOP8M. V8.0. Page 01:01
Codes: 2096 Signs: 761 . Length: 45 pic 0 pts, 190 mm
Next we multiply (1.1) by !y$, where ! # C1[0, 1], and integrate on [0, 1]
to get
&|
1
0
rn&k!$( y$)k+1+
1
k+1 |
1
0
(rn&k!)$ ( y$)k+1&
!(1)
k+1
y$(1)k+1
=|
1
0
[(n&1) rn&2!+rn&1!$] _(&y)
#(k)+1
1+#(k)
+*
(&y)k+1
k+1 & . (3.12)
Combining (3.11) and (3.12) yields the identity
k
!(1)
k+1
y$(1)k+1&|
1
0
rn&ky( y$)k _$
+|
1
0
rn&k( y$)k+1 __& kk+1 !$+
n&k
k+1
!
r&
=
n
C kn |
1
0
rn&1(&y)#(k)+1 __+ n&1#(k)+1
!
r
+
!$
1+#(k)&
+
n
C kn
* |
1
0
rn&1(&y)k+1 __+n&1k+1
!
r
+
!$
k+1& . (3.13)
Proposition 3.3. Let 2k<n<2k(k+1). Then (1.1) has no solution if
*(2k(k+1)&n)
C kn
n \
n
k+1+
k
.
Proof. Let y=y* be a solution of (1.1). Choose
_=&
n&2k
k+1
&
2k(k+1)&n
k+1
r2k and !=r&r2k+1. (3.14)
in (3.13). Using
_$=&
2k(2k(k+1)&n)
k+1
r2k&1;
_+
n&1
k+1
!
r
+
!$
k+1
=
2k
k+1
&
2k(k+2)
k+1
r2k;
_+
n&1
#(k)+1
!
r
+
!$
#(k)+1
=&
2k((k+1) n&2k)
(k+1) n
r2k;
_&
k
k+1
!$+
n&k
k+1
!
r
=0,
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and !(1)=0, (3.13) becomes
2k
k+1
(2k(k+1)&n) |
1
0
rn+k&1y( y$)k
=&
n
Ckn
2k((k+1) n&2k)
(k+1) n |
1
0
rn+2k&1(&y)#(k)+1
+
n
Ckn
* |
1
0 _
2k
k+1
&
2k(k+2)
k+1
r2k& rn&1(&y)k+1. (3.15)
Thus
2k
k+1
n
C kn
* |
1
0
rn&1(&y)k+1

2k
k+1
(2k(k+1)&n) \ kk+1+
k
|
1
0
rn+k&1 |( y(k+1)k)$| k. (3.16)
On the other hand, by Hardy’s inequality [7], we have
\kn+
k
|
1
0
rn+k&1 |( y (k+1)k)$|k dr|
1
0
rn&1 |y|k+1 dr
for all y # Wk+1. Hence (3.16) becomes
n
C kn
* |
1
0
rn&1(&y)k+1(2k(k+1)&n) \ nk+1+
k
|
1
0
rn&1 |y|k+1,
which implies *>(C kn n)(2k(k+1)&n)(n(k+1))
k. K
4. Asymptotic Behavior of Solutions for Noncritical Dimensions
In the present section we suppose that k satisfies 2k(k+1)n, and
discuss the asymptotic behavior of solutions of (1.1) when * tents to 0.
Before giving the proofs of Theorem 3 and Theorem 4, we introduce
some preliminaries. For any negative solution y* of (1.1), corresponding to
* # (0, *1), one has
max
r # [0, 1]
(&y*(r))=&y*(0),
and y$*>0 in (0, 1].
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Denote
F(r, y, y$)=
C kn
n(1+k)
rn&k( y$)k+1
&\ r
n&1
#(k)+1
(&y)#(k)+1+*
rn&1
1+k
(&y)k+1+ .
If y is a negative solution of (1.1), then y satisfies
d
dr
Fy$=Fy , (4.1)
and we have the following identity of PucciSerrin’s type:
d
dr
(rF&(ay+ry$) Fy$)=F+rFr&ayFy&(a+1) y$Fy$ . (4.2)
Here a is a contant.
We begin with an important property of the solution y* of (1.1), which
gives the upper bound for |y*|.
Lemma 4.1. Let y* be a negative solution of (1.1) corresponding to
* # (0, *1). Then
&y*(r)(&y*(0))&1k [(&y*(0))&2(k+1)(n&2k)+C(*) r2]&(n&2k)2k, (4.3)
where
C(*)=
k
n&2k _
1+*(&y*(0))k&#(k)
C kn &
1k
.
Proof. First we assert that
(r&1(&y*) &n(n&2k) y$*)$0 in (0, 1). (4.4)
In fact, we have
(r&1(&y*)&n(n&2k) y$*)$
=r&1(&y*)&2(n&k)(n&2k) _r&1y* y$*& nn&2k ( y$*)2&y* y"*& . (4.5)
We only concern the factor in the bracket on the right hand side, which is
related to (4.2). Let a=(n&2k)(k+1) in (4.2), and we compute both
sides of (4.2), respectively, as follows:
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F+rFr&ay*Fy&(a+1) y$*Fy$
=&
2k
k+1
*rn&1(&y*)k+1; (4.6)
rF&(ay*+ry$*) Fy$
=&*rn
2k
n(k+1)
(&y*)k+1+
C kn
n
k(n&2k)
n(k+1)
rn&k+1( y$*)k&1
__r&1y* y$*& nn&2k ( y$*)2&y* y"*& . (4.7)
Hence the factor in the bracket of (4.5) remains the same sige with ,
according to (4.7), where
,(r)=rF&(ay*+ry$*) Fy$+*rn
2k
n(k+1)
(&y*)k+1.
But ,(0)=0 and by (4.6), (4.5) we have
d,
dr
=&
2k
k+1
*rn&1(&y*)k+1+
2k
n(k+1)
(*rn(&y*)k+1)$
=&
2k
n
*rn(&y*)k y$*0.
Thus (4.4) follows.
By integrating (1.1) over [0, r], we have
lim
r  0 \
y$*
r +
k
=&
n
C kn
lim
r  0
1
rn |
r
0
tn&1((&y*)#(k)+*(&y*)k) dt.
That is,
lim
r  0
y$*
r
=&_ 1C kn ((&y*(0))#(k)+*(&y*(0))k)&
1k
.
Integrating (4.4) over [0, r) with the limit, we have
r&1(&y*)&n(n&2k) y$*(&y*(0))&n(n&2k) lim
r  0
y$*
r
=&(&y*(0))&n(n&2k) _1+*(&y*(0))
k&#(k)
C kn &
1k
.
Integrating on [0, r] once again, we get the desired result. K
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Lemma 4.2. For the negative solution y* of (1.1), we have
&y*(0)  + as *  0+.
Proof. We argue by contradiction. Suppose that [ y*(r)] is bounded in
L[0, 1], for * # (0, *1), then integrating (1.1) on (0, r) we have
Ckn
n
rn&k( y$*)k=|
r
0
tn&1((&y*)#(k)+*(&y*)k) dt, (4.8)
which deduces that
|y$*|Cr,
for some C independent of *. As a result, we may assume that y* uniformly
converges to some function y (t) in [0, 1]. With (4.8) again we conclude
that rn&k( y$*)k also uniformly converges. Hence y satisfies the following
equation:
{&
C kn
n
[rn&k( y $)k]$=rn&1(&y )#(k) in (0, 1),
y $(0)=y (1)=0.
On the other hand, it follows from imbedding result (see Proposition 1.2)
and (1.1) that
|
1
0
rn&1((&y*)#(k)+1+*(&y*)k+1)C \|
1
0
rn&1(&y*)#(k)+1+
(k+1)(#(k)+1)
,
which imples that y {0. This is a contradiction (c.f. Theorem 2(i)). K
Let
y**(t)=+
(n&2k)(k+1)
* y*(+* t), (4.9)
where +*=(&y*(0))&(k+1)(n&2k). Then y**(0)=&1, 0y**(t)&1 and
the conclusion of Lemma 4.1 states that
&y**(t)(1+Ct2)(2k&n)2k (4.10)
for some positive C independent of *. Besides, y**(t) satisfies the following
equation:
{&
C kn
n
(tn&k(( y**)$)k)$=tn&1((&y**)#(k)+*+2k* (&y**)
k) in (0, +&1* ),
( y**)$ (0)=y**(+&1* )=0.
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Since y**(t) is bounded in L, argueing in exactly the same way as
Lemma 4.2, we conclude that y**(t) converges uniformly to y in C[0, R]
for any R>0, and y satisfies
{&
C kn
n
(tn&k( y $)k)$=tn&1(&y )#(k) in (0, +),
(4.11)
y $(0)=0, y (0)=&1.
By Proposition 1.3, we know that
y (t)=&(1+:t2)&(n&2k)2k (4.12)
where
:=
k
n&2k
(C kn)
&1k.
For the later convenience, we let
\1=|

0
tn&1(&y )#(k) dt=
:&n2
n
(4.13)
\2=|

0
tn&1(&y )k dt=
:&n2
n
1 \n2+ 1 \
n&2k(k+1)
2k +
1 \k+12k (n&2k)+
.
Proof of Theorem 3. We first prove that (&y*(0))1k y*(r) converges to
some function v. Then we find out the equation that v satisfies.
In fact (&y*(0))1k y*(r) satisfies the following equation:
&
C kn
n
(rn&k((&y*(0))1k y$*(r))k)$
=+&(n&2k)(k+1)* r
n&1((&y*)#(k)+*(&y*)k). (4.14)
For $>0, integrating (4.14) over [r, 1] (r # ($, 1)), we have
C kn
n
rn&k |(&y*(0))1k y$*(r)|k&
C kn
n
|(&y*(0))1k y$*(1)|k
=+&(n&2k)(k+1)* |
1
r
tn&1[(&y*)#(k)+*(&y*)k] dt. (4.15)
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Integrating (4.14) on [0, 1], we also have
C kn
n
|(&y*(0))1k y$*(1)|k
=+&(n&2k)(k+1)* |
1
0
tn&1[(&y*)#(k)+*(&y*)k] dt. (4.16)
By Lemma 4.1 (see (4.10)) it is clear that the terms in the right hand side
of (4.15) and (4.16) are bounded by \1 and \2 . It follows from (4.15) that
(&y*(0))1k y$*(r) is bounded in C[$, 1], which together with (4.15) and
(4.16) implies that
(&y*(0))1k y*(r)  v in C 1[$, 1] (4.17)
for some v # C1(0, 1).
On the other hand, by Lemma 4.1 (see also (4.10)) we have
+&(n&2k)(k+1)* |
1
0
tn&1(&y*)#(k) dt=|
+*
&1
0
tn&1(&y**)
#(k) dt
 |

0
tn&1(&y )#(k) dt=\1 ,
and
+&(n&2k)(k+1)* |
1
0
tn&1(&y*)k dt
=(&y*(0))k&1&(k+1)(n&2k) n |
+*
&1
0
tn&1(&y**)
k dt
\2(&y*(0))&2((n+k
2&k)(n&2k))  0
as *  0+. Thus, in view of Lemma 4.1 again we have
+&(n&2k)(k+1)* |
1
0
rn&1[(&y*)#(k)+*(&y*)k] , dr  ,(0) \1 (4.18)
for any , # C[0, 1], ,(1)=0.
Now combining (4.14), (4.17) and (4.18) we infer that v satisfies
C kn
n |
1
0
rn&k |v$|k&1 v$,$ dt=,(0) \1
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for all , # C[0, 1], ,(1)=0. It is not hard to see
v(r)=
&k
n&2k \
n\1
C kn +
1k
[r2&nk&1]; (4.19)
we conclude the theorem. K
Proof of Theorem 4(i). Let _=&1 and !=r. Then (3.13) becomes
* |
1
0
rn&1(&y*)k+1 dr=
C kn
n
( y$*(1))k+1. (4.20)
Multiplying (4.20) by +&(n&2k)k* =(&y*(0))
(k+1)k, we deduce from (4.16)
*+(2k(k+1)&n)k* |
+*
&1
0
tn&1(&y**)k+1 dt=
C kn
n
|(&y*(0))1k y$*(1)|k+1
 \C
k
n
n +
&1k
\ (k+1)k1 . (4.21)
Thus we conclude
*+ (2k(k+1)&n)k*  \C
k
n
n +
&1k
\ (k+1)k1 \
&1
2 . K
Proof of Theorem 4(ii). Since n=2k(k+1), (4.21) becomes
* |
+*
&1
0
tn&1(&y )k+1 dt+* 2=
C kn
n
|(&y*(0))1k y$*(1)|k+1, (4.22)
where
2=|
+*
&1
0
tn&1[(&y**(t))
k+1&(&y (t))k+1] dt.
If we can prove
|2|=o(1) as *  0+, (4.23)
then
* |
+*
&1
0
tn&1(&y )k+1 dt=\C
k
n
n +
&1k
\ (k+1)k1 +o(1).
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But
lim
*  0
1
log +&1* |
+*
&1
0
tn&1(&y )k+1 dt= lim
*  0
+&n*
(1+:+&2* )
((n&2k)2k)(k+1)=:
&n2.
Thus
* log +&1*  :
n2 \C
k
n
n +
&1k
\ (k+1)k1 .
It remains to prove (4.23). By the equations which y** and y satisfy and
(1.1) we have
&y (t)=1&|
t
0 _sk&n |
s
0
{n&1(&y )#(k) d{&
1k
ds
&y**(t)=1&|
t
0 _sk&n |
s
0
{n&1((&y**({))#(k)+*+2k* (&y**({))
k d{&
1k
ds
1&|
t
0 _sk&n |
s
0
{n&1((&y ({))#(k)+*+2k* (&y ({))
k d{&
1k
ds.
Hence
|y (t)&y**(t)||
t
0
s1&nk _|
s
0
{n&1*+2k* (&y ({))
k d{&
1k
ds
C*1k+2* |
t
0
s1&2(k+1) _|
s
0
{2k&1 d{&
1k
ds
C*1k+2* t
2&2k.
Thus
|2|  |
+*
&1
0
tn&1 |y**k+1(t)& y k+1(t)| dt
 C*1k+2* |
+*
&1
0
t2k+1(1+t2)&k2 dt
 0 (as *  0+). K
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